Fractal growth is a kind of allometric growth, and the allometric scaling exponents can be employed to describe growing fractal phenomena such as cities. The spatial features of the regular fractals can be characterized by fractal dimension. However, for the real systems with statistical fractality, it is incomplete to measure the structure of scaling invariance only by fractal dimension. Sometimes, we need to know the ratio of different dimensions rather than the fractal dimensions themselves. A fractal-dimension ratio can make an allometric scaling exponent ASE . As compared with fractal dimension, ASEs have three advantages. First, the values of ASEs are easy to be estimated in practice; second, ASEs can reflect the dynamical characters of system's evolution; third, the analysis of ASEs can be made through prefractal structure with limited scale. Therefore, the ASEs based on fractal dimensions are more functional than fractal dimensions for real fractal systems. In this paper, the definition and calculation method of ASEs are illustrated by starting from mathematical fractals, and, then, China's cities are taken as examples to show how to apply ASEs to depiction of growth and form of fractal cities.
Introduction
Dimension is a measurement of space, and measurement is the basic link between mathematical models and empirical research. So, dimension is a necessary measurement for spatial analysis. Studying geographical spatial phenomena of scaling invariance such as cities and systems of cities has highlighted the value of fractal dimension 1-6 . However, there are two problems in practical work. On the one hand, sometimes it is difficult for us to determine the numerical value of fractal dimension for some realistic systems, but it is fairly easy to calculate the ratio of different fractal parameters. On the other hand, in many cases, it is enough to reveal the system's information by the fractal-dimension ratios and it is unnecessary to compute fractal dimension further 7 . The ratio of different dimensions of a fractal can constitute an allometric coefficient under certain conditions. As a parameter 2 Discrete Dynamics in Nature and Society of scale-free systems, the allometric coefficient is in fact a scaling exponent, and the fractaldimension ratio can be called allometric scaling exponent ASE .
The use of ASEs for the simple regular fractals in the mathematical world is not very noticeable. But for the quasifractals or random fractals in the real world, the function of ASEs should be viewed with special respect. A city can be regarded as an evolutive fractal. The land-use patterns, spatial form, and internal structure of a city can be modeled and simulated with ideas from fractal geometry 2, 8-14 . There are many kinds of fractal dimensions which can be employed to characterize urban form and structure. The fractal parameters in the most common use include grid dimension, radial dimension, and boundary dimension. Based on the box-counting method, we can estimate the values of boundary dimension and grid dimension at the same time and calculate their ratios to get the ASEs. The scaling exponent can reflect the geographical information that we need. However, it is not convenient to evaluate the fractal dimensions of the complicated systems. In practice, we can directly estimate the ASE values by skipping the calculation of fractal dimensions, and thus gain our ends of spatial analysis.
This work is devoted to discussing how to characterize growth and form of fractal cities with ASEs. The remaining part of this paper is structured as follows. Section 2 presents the basic classification of allometric relations and brings to light the mathematical relationships between allometric scaling and fractal dimension. Section 3 gives the definition of ASE based on regular fractals, including self-similar and self-affine fractals. The concept of allometry is extended becomingly. Section 4 shows the function and use of ASE in urban studies through examples and generalizes this scaling exponent from form to function. Finally, this paper is concluded with a brief summary.
Allometric Growth and Fractals

The Law of Allometric Growth
The law of allometric growth originated from biological sciences 15, 16 , and allometric analysis is introduced to social science by Naroll and Von Bertalanffy 17, 18 . From then on, the formulation gradually becomes a law of the urban geography, describing the relationship observed to be invariable between urban area and population for all cases in which the specified conditions are met 2, 16, 19, 20 . In biology, the allometric rule was defined formally as follows 21, page 247 . "The rate of relative growth of an organ is a constant fraction of the rate of relative growth of the total organism." Actually it can also be restated in a broad sense as follows 7 . "The rate of relative growth of a part of a system is a constant fraction of the rate of relative growth of the whole or another part of the system." Where urban systems are concerned, allometric growth can be divided into two types: longitudinal allometry and cross allometry. The cross allometry is also called transversal allometry, which can be divided into two types, too. One is based on the rank-size distribution of cities, and the other is based on hierarchy of cities or cascade structure of urban systems. The relationships among the three types of allometric growth are as follows: 
2.1
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The allometric equation usually takes the form of power law. Let x and y as functions of the variable v represent two measures of a system. If the relation between x and y follows the allometric scaling law, then we have
where v refers to the variable such as time t , rank k , and class m and b refers to the scaling exponent. If we research the process of urban evolvement in different years, then we will get two time series, x t and y t , which represent a city's population, area or perimeter boundary length , and so forth, in the tth year. Thus, we have an equation of longitudinal allometry:
If we study n cities in a region, then we should put these cities in order by ranking them according to population size. Let v k 1, 2, . . . , n be city rank. Then, we will get an equation of cross-sectional allometry in the following form:
Further, we can put these cities into a hierarchy with cascade structure in terms of city size 22 . Let v m 1, 2, . . . , M be city class, and M represents the bottom class of the hierarchy. Then, we have a hierarchical allometric equation such as
The three kinds of allometric relations can be applied to urban studies. If x refers to the urban population and y refers to the corresponding urban area, then the above equations reflect the well-known allometric relations between the urban area and population 2, 16, 23 . If x represents urban area and y denotes the corresponding urban boundary length, then the above equations suggest the allometric scaling relations between the urban area and perimeter. The concept of allometric growth reminds us of the scaling relation between urban area and population at first. As a matter of fact, the geometrical relation between urban area and perimeter is a more typical allometric relation. If an urban area is compared to the volume of an animal, then the corresponding urban perimeter can be compared to the animal's epidermal area, and the urban population within the boundary can be compared to the animal's body weight.
The allometric relations between urban area and population are more familiar to geographers, but this paper attaches more importance to the scaling relationship between urban area and perimeter. A problem arises about defining urban boundary. Since urban form can be treated as a fractal body like Fournier dusts 14 , where is an unambiguous urban boundary? Since an urban boundary can be treated as a fractal line 2 , how can we figure out the length of the boundary? The key is to utilize the resolution of remote sensing RS image and scaling range of statistical self-similarity. For given resolution of an RS image or digital map, we can find a continuous close curve around a city figure, and this curve can be defined as urban boundary. Although a city can be theoretically treated as a fractal,
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Discrete Dynamics in Nature and Society the cities in the real world are actually prefractals rather than proper fractals. There is usually a scaling range on the log-log plot of estimating fractal dimension. The lower limit of the scale-free range suggests an urban boundary, by which we can calculate a length of the prefractal geographical line. A lot of methods and approaches have been developed for defining urban boundaries and estimating the fractal dimension of the boundaries 24, 25 . It is not difficult to constitute the allometric scaling relation between urban perimeter and area.
Fractal Properties of Allometric Growth
Scaling and dimensional analysis actually proceeded from physics, starting with Newton. Nowadays, allometric analysis, scaling analysis, and dimensional analysis have reached the same goal in theoretical exploration by different routes of development 26, 27 . Allometric scaling relation is essentially a kind of geometrical measure relation. According to the principle of dimensional consistency in mathematics, one measure x is in proportion to another measure y only when the two measures, x and y, have the same dimension as one another 16 . Otherwise, the two measures should be transformed into another two measures with identical dimension. Let the dimension of x be D x and let that of y be D y . Then, we have , isometry results, and this implies that the two variables, x and y, increase in linear proportions with respect to one another 16 . When b < 0, inverse allometry results. When b 0, no allometry or isometry results, and this value corresponds to constant proportionality. Isometry is a special case of allometry, and it is originally defined as follows: "the growth rates in different parts of a growing organism are the same." For allometric scaling, a small change in a system can lead to an enormous and disproportionate increase in the size of subsystems. In contrast, isometric scaling means that growth does not lead to any change in geometry of a system.
In the next section we will reveal the allometric scaling relations in fractal bodies. To give a better explanation to allometric scaling of fractals, we should draw a mathematical Discrete Dynamics in Nature and Society 5 analogy between self-similar structure and urban cascade structure. For an urban hierarchy with cascade structure, we can use three exponential functions based on hierarchical structure to characterize it. These three exponential functions can be changed into a set of power functions 28, 29 . For a fractal, we can take a set of power laws to describe it, and the set of power laws can also be transformed into a set of exponential laws based on the steps of fractal generation 22 . In practice, the exponential function for continuous distribution can be substituted with geometric series in the discrete framework.
The relation between fractal geometry and Euclidean geometry is of "duality". For a Euclidean geometrical body, the dimension is known 0, 1, 2, or 3 , but its direct measures such as length, area, and volume are unknown without calculation. On the contrary, for a fractal geometrical body, the direct measures, including length, area, and volume, are always known, but its dimension required to be calculated. For example, the dimension of a rectangle is d 2, which can be known by common sense. However, the area of the rectangle cannot be known before the side lengths are measured. In contrast, the area of the Sierpinski gasket is zero and its inner boundary length is infinite, which can be known before implementing computation. However, the dimension of the gasket could not be known without any measuring and calculation. For the regular fractals in mathematics, the concepts of length, area, and volume begin to make little sense. It is dimension that reflects the quality and quantity of fractal bodies. Of course, the dual relation is valid only for the proper fractals. As for the prefractals or the statistical fractals, the conventional measure is still serviceable. Precisely because of this, we can investigate the allometric scaling relation of cities by means of length, area, and population size among others.
However, there are no any real fractals in the real world. The so-called fractals in natural and human systems are of scaling invariance only within certain scale range. They are actually prefractals or quasifractals in the statistical sense. Therefore, we need the concepts of length, area, or even volume to build the allometric models although a fractal body has no length e.g., it is 0 for the Cantor set, or infinite for the Koch curve or area it equals 0 in theory. A solution to this problem is to rely on the scale concept: we examine fractals within certain scaling range. For a fractal hierarchy with infinite classes m 1, 2, 3, . . . , we can investigate the finite classes, say, the first M classes m 1, 2, 3, . . . , M . Here m denotes the order of class, and M is a positive integer indicative of the last class. In this instance, it is more suitable to use ASE rather than fractal dimension to characterize the real-world fractal phenomena. The reason is that the fractal dimension calculation requires the radius of covering balls or the side length of boxes to tend towards infinitesimal in theory, but there exists no infinitesimal length scale in reality. The allometric scaling is out of this restrictionan allometric analysis can be made within a certain scaling range.
Allometric Scaling of Fractals
Allometric Scaling of Self-Similar Fractals
A fractal usually suggests the allometric scaling relations in the broad sense, and this can be illustrated with several classical fractal patterns. Figure 1 shows a growing fractal, which was constructed twenty years ago 30, 31 . In urban studies, this kind of growing fractal is sometimes employed to model or even simulate urban growth by introducing chance factors 2, 23, 32 . Indeed, there is an analogy between the way a fractal develops and the way a city grows. The fractal of isotropic growth can be made through two ways: one is ceaseless cumulative process, which represents stepwise expansion of urban population Figure 
in which D l denotes the dimension of fractal boundary; the remaining notation is the same as in the foregoing formula. We can see that the dimension of the growing fractal form equals that of the growing fractal curve in this special case 31 .
For the growing fractal of infinite accumulative process displayed in Figure 1 a , the longitudinal allometry is the same as the cross allometry. We can use a geometrical series to describe the number, area, and perimeter of the self-similar copies of step m in the form 
3.4
The ratio of boundary dimension D l to form dimension D a is 1; that is, b D l /D a 1, which indicates an isometric scaling relation. The parameter b refers to the scaling exponent. Actually it is very easy to describe the fractal growth in Figure 1 a using an allometric relation. The longitudinal allometry is the same as the cross allometry, and the scaling exponent equals unity.
For the fractal growth of continuous subdivision process illustrated by Figure 1 b , the case is different. First of all, let us examine the longitudinal allometry. We need three equations to describe the number, area, and perimeter of self-similar copies in the mth step, and the results are as follows:
3.7
Obviously, if m approaches to infinity, both the number of fractal copies and the length of fractal-boundary will diverge, while the area of fractal body will tend to zero.
Where the growing process is concerned, the scaling relations between fractal-part number and boundary length can be derived by taking the logarithm of 3.5 and 3.7 and by eliminating m − 1, and the result is
3.8
The scaling exponent a ln 5 / ln 5/3 ≈ 3.151. The scaling of fractal-part number versus boundary length is a positive allometry. Conversely, the scaling of fractal-boundary length versus fractal-part number is a negative allometry. The allometric scaling relation between the fractal-boundary length and fractal-part area is in the following form:
The scaling exponent b ln 5/3 / ln 5/9 ≈ −0.869. The scaling phenomenon with an exponent b < 0 is so-called inverse allometric growth.
Next, we should investigate the cross allometry. In fact, the cross allometry based on is one unit. Then, the area and boundary length of fractal copies in the mth step of Figure 1 b can be formulated as
Thus, we have
3.12
This suggests that the cross allometry based on Figure 1 b is an isometry because the scaling exponent is b D l /D a 1. Indeed, 3.10 to 3.12 hold for Figure 1 a , but for the inner mapping procedure of Figure 1 b , the surface of the elements changes at each step when going on with iteration.
Another well-known example of fractals is the Sierpinski gasket which is displayed in Figure 2 a 5 , and its interior border curve is also a fractal line, which is shown in Figure 2 b . If we introduce a chance factor indicating randomicity, then the interior boundary can be used to simulate random walk curve. The fractal dimension of the Sierpinski gasket is It is easy to understand the cross allometry of the Sierpinski gasket. For simplicity, let us consider the result of step m by ignoring its growing process. The pattern is in fact a prefractal. Assuming that the area of the smallest fractal part in the geometrical figure is one unit, we can get an allometric scaling relation between the fractal-part area and the interior boundary length as
3.17
This suggests that, for the cross allometric relation, the scaling exponent is b D l /D a 1, indicating an isometric relation. The longitudinal allometry of the gasket is somewhat different. In the mth step, the number, area, and interior boundary of the self-similar copies can be formulated as follows:
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So the allometric scaling relation between fractal-copy number and interior boundary length can be expressed as
3.19
Thus, we have a scaling exponent a ln 3 / ln 5/2 ≈ 1.199. This is a kind of positive allometry. The relations between the interior boundary length and the fractal-copy area can be written as
3.20
Therefore, b ln 5/2 / ln 3/4 ≈ −3.185, and this is a kind of inverse allometry. Generally speaking, we can describe a fractal in two ways based on allometric relations: one is longitudinal allometry, and the other is cross allometry. 
3.22
The parameters a ln r n ln r a , b ln r l ln r a , c ln r n ln r l 3.23 represent different ASEs. For the cross allometry indicating hierarchical structure, we can derive an area-length scaling relation. If m value is limited and the area of the basic fractal parts is one unit, then the area measure A m and the number measure N m can be mathematically regarded as equivalent to one another. Thus, the area or number and length will be formulated as
3.24
Based on 3.24 , an allometric scaling relation between the area and the length is
3.25
Here the scaling exponent is defined by b ln r l / ln r a D l /D a . For the same scaling relation between area and length, there exists a difference between the longitudinal allometry and the cross allometry. Sometimes the longitudinal allometry is an inverse allometry, while the cross allometry is always a positive allometry or a negative allometry. The allometric scaling relations are very useful for us to characterize the random fractals. In fractal theory, if m is large enough, then the length L m approaches infinity while the area A m tends to zero. However, in allometric analysis, we usually take m 1, 2, . . . , M, and M is a finite number. In this instance, both area A m and length L m are limited values. This suggests that a fractal concept is defined under an extreme condition, while the concept of allometric growth is defined within certain scale range.
In geographical studies, the scaling exponents have been associated with allometry and dimension in the context of fractal properties of cities for many years. A comparison of relations between urban area and border length, between urban population and radius, between urban border length and radius, and so forth was discussed by Longley et al. 34 . In the novel paper on form following function, Batty and Kim 35 once discussed several relationships among scaling law, allometry, and urban form. Frankhauser 3 tackled the relations between urban perimeter and area as well as surface classes. Imre and Bogaert 36 presented that the scaling exponent of the urban area-perimeter relation is just ratio of the fractal dimension of urban boundary to that of urban form. More recently, Benguigui et al. 11 and Thomas et al. 14 considered also the relation between perimeter and area for cities by relating the scaling exponents with fractal dimension. The innovative point of this paper rests with that all these relations will be examined within the theoretical framework of hierarchy of cities.
Allometric Scaling of Self-Affine Fractals
The self-affine fractals can also be described with allometric scaling equations. If the way of isotropic growth is turned into the way of anisotropic growth, then the self-similar growing fractal in Figure 1 a will become a self-affine growing fractal displayed in Figure 3 30, 31 . To characterize this kind of self-affine fractals, we need the following two equations:
3.26
where N is the number of self-affine copies in a certain step 
The scaling exponent of the two growing directions is α D v /D h 1.465 37 . It is evident that, for the growing fractals, isotropy indicates isometry Figure 1 a , while anisotropy suggests allometry of different directions Figure 3 . The allometric scaling relations between fractal-part area and boundary length can be characterized from the perspective of fractal growth. The area A m and length L m in the mth step can be formulated as
For simplicity, only one side of boundary length is considered in 3.30 . The result implies that the scaling relation between area and length is an isometry; that is, L m ∝ A m . But in the real world, the case is more complicated, and the area-length scaling may suggest an allometric growth.
The relation between area and perimeter of the self-affine fractal can be expressed by a linear equation. Based on the fractal structure in Figure 3 , the perimeter P m can be formulated as
3.31
The area-perimeter relation of the fractal in question is an isometry. This suggests that linear relation sometimes represents a kind of isometry.
Empirical Analysis
The Scaling Relation between Urban Area and Boundary
The scaling relation between urban area and perimeter bears an analogy with the allometric relation of fractal growth. Let us take China's cities as an example to illuminate this question. The processed data came from the study by Wang et al. 38 , who estimated the fractal dimension of the boundaries of 31 megacities in China-a megacity is the city with a Discrete Dynamics in Nature and Society 13 population of more than 1,000,000. The approach to evaluation of fractal dimension is grid coverage method, which is similar to the box-counting method. In fact, the original data of Wang et al. 38 are from the Institute of Geographical Sciences and Natural Resources Research IGSNRR , Chinese Academy of Science CAS , China. By means of remote-sensing data and Geographical Information System GIS , IGSNRR built the national resources and environmental database based on the maps with a scale of 1 : 100,000. The database mainly includes the land-use data in 2000, which is inputted in 2000, and data in 1990, which is inputted in 2001. By using the results from the study by Wang et al. 38 , we can explain the allometric scaling relations between urban area and perimeter.
In the digital map, we can use a set of grid consisting of uniform squares to cover the urban figure. Changing the side length of squares of the grid s, the number of the squares occupied by urban boundary, L s , and the number of the squares occupied by urban figure,  N Table 1 . The information of spatiotemporal evolution of China's cities from 1990 to 2000 can be revealed through ASE values.
The true dimension of urban form, however, is expected to be less than 2; namely D a < 2. Theoretically, a city boundary has an analogy with the triadic Koch curve, which has a fractal dimension D l ≈ 1.262. Empirical analyses and computer simulation have shown that the fractal dimension of urban boundary is close to the Koch curve's dimension on the average 25, 39 . On the other hand, urban growth and form can be modeled by diffusionlimited aggregation DLA model and dielectric breakdown model DBM , and the average fractal dimension D a is close to 1.701 2, 8 . The DBM-simulation process has been well illustrated by Batty 9 . By using the value D a 1.701, we can reevaluate the boundary dimension of the 31 cities in China see "boundary dimension 2" in Table 1 . Therefore, the scaling exponent of urban area-perimeter relation is expected to be b ≈ 1.262/1.701 ≈ 0.742. Actually, the average value of ASEs of the 31 megacities is about 0.742 in 1990, and around 0.727 in 2000. In the sense of statistical average, the results approach the theoretical expectation on the whole.
A question may be put as follows: what are the real values of the boundary dimension and form dimension of China's cities? We cannot know them by the data from the study by Wang et al. 38 . For example, the boundary dimension of Beijing city in 2000 may be about 1.444, may be about 1.228, and may be other numerical values. We cannot make sure. However, we know the approximate value of ASE; that is, b ≈ 0.722 Table 1 . According to 2.8 , the higher value of ASE suggests higher boundary dimension or lower form dimension. Where geographical space is concerned, the ASE values of Northern China's cities are higher than those of Southern China's cities in the mass. The landform of Northern China is mainly plain, while Southern China is principally of mountainous terrain. Generally speaking, the form dimensions of the cities in plain are higher than those of cities in mountainous region. For boundary dimension, the opposite is true. The cities with the highest ASE values are in northeastern plain of China, such as Shenyang and Harbin, while the cities with the lowest ASE values are in southwestern mountainous region, such as Guiyang and Chengdu. Where geographical evolution is concerned, as a whole, the ASE values in 2000 are lower than those in 1990. As we know, the boundary dimension of a city becomes lower and lower over time 25 . For the form dimension, the opposite is true 10 . This suggests that the ASE values of urban boundary and form tend to descend with the lapse of time. The function and use of a spatial measure can be thrown out by comparison and relation. ASE is just the result of comparing or relating one fractal dimension with the other fractal dimension.
The Scaling Relations between Urban Area and Population
The allometric scaling analysis of urban form can be generalized to the relation between urban area and population. The allometric model of urban area-population scaling can be used to predict regional population growth 40 . Let us take China's system of cities as example to illustrate the pattern of allometric relation. We will take the national capital, Beijing, as example to make a longitudinal allometric analysis and employ the system of cities in China as another example to make a cross allometric analysis. The original data came from the Ministry of Housing and Urban-Rural Development of China. The two basic measures, urban population and built-up area, are used as variables. For Chinese, the "built-up area" is also called as "surface area of built district". In fact, the term "urban area" is a concept of administrative sense in China. There is no certain relationship between urban area and urban landscape; therefore, the concept of urban area cannot reflect urban form effectively. The built-up area in Chinese is similar to the concept of urbanized area in the western world. Perhaps the former is smaller than the latter. In short, it is built-up area rather than urban area that is suitable for us to make an allometric analysis for China's cities. From now on, "urban area" will be used to mean "built-up area" in the context.
First of all, we carry out a longitudinal allometric analysis of Beijing's growth. The data are urban population and built-up area from 1991 to 2005 Table 2 . Through the log-log plot we can find that city area and population from 1991 to 2004 satisfy the allometric scaling relation in the mass Figure 4 . However, the data point of 2005 is an exceptional value by reason of demography see the appendix . So far, there has been no strict definition for cities, and both urban population and urban area are varied frequently in China. The alteration is sometimes caused by administrative factors rather than urban growth itself. From 1991 to 2000, the land use of Beijing is grimly restricted with urban policy. From 2001 to 2003, urban region of the city was enlarged suddenly by governmental behavior instead of urban natural growth. Since 2004, urban land use was restricted again so that Beijing's area is not proportional to its population size. If the abnormal variation is on the small side, then it could not influence the appearance of the statistical law of urban evolvement. However, if the change is too large, then the scaling relation will be broken. The abovementioned outliers will appear if administrative factors disturb urban development violently.
Excluding the data of 2005 from our consideration according to the value of double standard error, we can make a regression analysis by using the data from 1991 to 2004. On the whole, the process of urban growth conforms to the allometric scaling law to some extent Figure 4 . A least squares calculation of 14-year data yields the following scaling model of longitudinal allometry:
A t 0.002P the goodness of fit is R 2 ≈ 0.948. Compared with the urban population, the city area expanded in the mode of positive allometry. That is to say, if the populations of Beijing increase a unit, the city area will increase more than a unit. In other words, the urban area grows quicker than the urban population. This is an allometric mode of wasteful land use, and the scaling exponent suggests that the urban expansion of Beijing should be restricted by taking strong economic measures.
It will not be surprising if some readers doubt the result from the Beijing case. The effect of fitting Beijing's dataset to 2.3 is not very satisfying. The application of the scaling law to Beijing is mainly based on an apriori idea rather than some statistical evidences. The apriori idea is that urban systems should follow but sometimes offend the law of allometric growth 41 . In fact, human systems are different from physical systems to a degree. The empirical laws on physical systems are of spatiotemporally translational symmetry, while the empirical laws on human systems are not of translational symmetry in both space and time. For physical systems, a counterexample or exceptional case is enough to overthrow an empirical law. However, for human systems, a few counterexamples or exceptional cases are not enough to overrule any empirical law which is supported by many observational data. Just because of this, August Lösch, the well-known German economist, once said that if a mathematical model. supported by many cases does not agree with reality, it may be reality rather than the mathematical model that is wrong This opinion refers to a letter from Professor Michael Woldenberg at State University of New York 2004 41 . It is hard to clarify this notion in a few lines of words. Many empirical evidences from other cities lend support to the scaling relation between urban area and population see, e.g., 2, 16, 37, 40 . If a city, say, Beijing, fails to follow this law, it is the city instead of the scaling law that is wrong. If so, the urban man-land relation should be improved according to the allometric scaling law. The meaning of Beijing case lies in three aspects. First, it gives an approximate scaling exponent for our understanding of Beijing's growth. Second, it reveals the problem of Beijing's development to be resolved in the future. Third, it suggests that we should develop an urban theory by the ideas from fractals and allometric growth for urban planning and spatial optimization of cities.
Next, let us make a cross-sectional allometric analysis based on the rank-size relationships. For simplicity, only the allometric pattern in 2005 is shown Figure 5 . This year, there were 660 cities which were approved officially in China. We rank the population size of these cities from the largest to the smallest and put urban area in order coinciding with population size. As a result, we have an allometric scaling relation such as
where k denotes city rank by population k 1, 2, . . . , 660 , A k refers to the area of the city of rank k, and P k refers to the city population of rank k. The scaling exponent is estimated as b ≈ 0.817, and the goodness of fitting is R 2 ≈ 0.842. According to our rule of sorting order, we have an inequality P k ≥ P k 1 to a certainty. However, another inequation, A k ≥ A k 1 , will not necessarily come into existence. The reason is that a city that has more population does not imply that it has larger built-up area.
Finally, we can make an allometric analysis based on hierarchy of cities with cascade structure. Putting the 660 cities in order by population size, we can classify them in a topdown way in terms of the 2 n principle of cities: the first class has one city-the city of rank 1, the second class has two cities-the cities of ranks 2 and 3, the third class has four cities-the cities of ranks 4, 5, 6, and 7, and so on. Evidently, the mth class will have 2 m−1 cities 22 . Thus, the 660 cities can be divided into ten classes, and the city number in the last class is expected to be N 10 What is the expected value of the scaling exponent of urban area and population relation? Through spectral analysis, we can learn that the dimension of the urban population The allometric scaling pattern based on the rank-size distribution is equivalent in theory to the allometric scaling relation based on hierarchical structure. The former differs from the latter to some extent in empirical analysis, but the difference between the two is not very significant. One gives the scaling exponent b ≈ 0.817, and the other yields b ≈ 0.856. As far as our example is concerned, the scaling exponent based on hierarchical system is closer to the theoretical expectation. After all, the two scaling models belong to the negative allometry b < 1 . This suggests that, by and large, the land use of China's cities is comparatively reasonable.
Further, by using the least squares calculation, we can easily fit the data to the scaling relation between the urban number and population as well as the scaling relation between the urban number and area. Of course, the lame-duck class should be removed as an outlier from the regression analysis because the number of cities in this class is too few to support the scaling relation. Based on the hierarchy of cities without the tenth class, the modeling results are as follows: In light of the nature of allometric growth, we can classify the geographical space into three types. The allometric patterns reflected by Figures 1, 2 , and 3 as well as Table 1 correspond to the real space R-space ; Figure 4 illustrates a longitudinal allometry which corresponds to the phase space P-space ; the cross allometry reflected by Figures 5 and 6 corresponds to the order space O-space . The real space is the conventional concept of geographical space, while the phase space and the order space belong to the generalized space, a kind of abstract space 7 . In the 2-dimension real space, the fractal dimension, especially the box-counting dimension, of urban form is generally less than 2; in the generalized space, however, the fractal dimension of urban form cannot be confined by the dimension of the Euclidean space in which the urban form exists.
In addition, there are some inherent relationships among fractal structure, allometric relation and self-organized networks. In the process of measuring the fractal dimension of the form displayed in Figures 1, 2, and 3 In fact, fractal geometry, allometric concepts, and network science are being slowly integrated into a new theory, which can be employed to explain the evolvement and development of cities 43 . As space is limited, many questions are pending further discussion in future studies.
Conclusion
A fractal growth is actually an allometric growth; the process of allometric growth is always involved with a number of fractal dimension relations. For a simple regular fractal, say, the Koch curve, one fractal dimension is enough to characterize its geometrical property. However, for a random fractal, especially, for a prefractal phenomenon, for example, a city, it is not sufficient to characterize its form and structure with only one fractional dimension. We should employ a set of fractal parameters including various fractal dimensions, the ratios of fractal dimensions, among others, to describe the complicated systems of scaling invariance. The ratio of one fractal dimension to the other related fractal dimension can constitute an ASE discussed above. Now, the main conclusions in this paper can be drawn and summarized as follows.
First, if the form of the growing phenomena such as cities is self-similar, then the boundaries of the phenomena will be of self-similarity also. The geometric relationship between the boundary length and the whole form is always an allometric scaling relation. The allometric relation can be described from two angles of view. One is the longitudinal allometry, and the other is the cross allometry. The former reflects the progressively evolutive process of the fractal growing from an initiator, while the latter reflects the hierarchy with cascade structure corresponding to the growing process. The method of allometric scaling analysis can be applied not only to the isotropic growing phenomena indicating self-similar fractals, but also to the anisotropic growths indicative of self-affine fractals. For the selfaffine patterns, there exists an allometric scaling relation between the parts in different directions.
Second, the mathematical description of the allometric growth rests with two aspects: one is various fractal dimensions, and the other is ASEs. The fractal characterization is a static method, laying emphasis on the best result by assuming the linear size of fractal elements to approach to zero. Theoretically, if the linear size of fractal measure becomes infinitesimal, then the fractal dimension value will approach a real constant. By contrast with fractal dimension, ASE lays stress on an evolutive process or a kind of spatial relations. The linear size of yard measure for estimating ASEs does not necessarily tend towards infinitesimal. As long as the scaling range is long enough, the result will be satisfying. This is significant for urban studies because the self-similarity of cities is valid only within certain scale limits. By means of allometric analysis we can reveal the regularity and complexity of urban evolvement and structure efficiently.
Third, the fractal studies can be generalized from real space to the abstract space in terms of allometric growth. All of the fractals that can be directly exhibited by maps or pictures are fractal in actual space. However, there are lots of fractals which cannot be immediately represented by graphics. The scaling invariance of this kind of fractals can be indirectly revealed with mathematical transformation and log-log plots. The majority of these fractals often comes from the generalized space. Urban form and boundaries belongs to the real space, but the scaling relation between urban area and population belong to the generalized space. It is difficult to evaluate the dimensions of the fractals in the abstract space, but it is easy to estimate the ratio of different fractal dimensions based on the generalized space. In many cases, what we want to know is just the fractal dimension ratios rather than the fractal dimensions themselves. Through allometric analyses we can directly calculate the ratio of fractal dimensions and thus obtain ASEs; thereby we can research the structure and functions of fractal systems.
